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USE OF HYDRAULIC RESONANCE IN A PIPELINE WITH A GAS CAVITY TO
CREATE A NONSTATIONARY JET

S. P. Aktershev and A. V. Fedorov UDGC 532.512

High-velocity jets of liquid are widely employed in engineering for breaking down and
cutting different materials. In some cases a steady jet is employed, but the results of
[1] show that it is better to employ a nonstationary jet, because in this case the main
mechanism of erosion of material is the high pressure of the hydraulic impact of the jet.
In [2] several aspects of the creation of a nonstationary jet, emanating from a nozzle at
the end of a pipe, are studied in application to hydraulic extraction of useful minerals.
The oscillatory process in a pipe entirely filled with liquid is studied by the method of
mathematical modeling. The nonstationary state of the jet was created either by pulsating
the flow rate of the liquid at the pipe inlet or by periodically changing the cross section
of the jet with the help of an oscillating valve.

It is well known that the presence of an air cavity in a liquid-filled pipe could give
rise to significant oscillations of the velocity and pressure of the liquid in different
nonstationary processes [3-7]. This is explained by the appearance of characteristic oscil-
lations of a column of liquid with a frequency which is determined simultaneocusly by the
parameters of the cavity, the liquid, and the pipe [8, 9]. Pressure oscillations during
transient processes in a pipe are usually regarded as an undesirable phenomenon, so that
the parameters of the air chamber are chosen so as to dampen these oscillations. At the
same time there exist hydroimpact systems in which the oscillations of the liquid in a pipe
without a gas cavity are specially created with the help of a valve which is periodically
covered in order to obtain pressure pulses [10]. Since the presence of a gas cavity in
a pipe containing liquid can lead to a significant increase in pressure [6, 7] this effect
could be useful in obtaining high pressures, as pointed out in [7].

Physical-Mathematical Formulation of the Problem. In this paper we shall study the
possibility of employing resonance oscillations of a liquid in a pipe with a gas cavity
and a nozzle at the end (Fig. 1) to create a high-velocity pulsating jet. It is assumed
that the oscillations_arise as a result of modulation of the pressure pjn(t), which varies
according to the law pin(t) = po +— Apcos (2nz/T), at the pipe inlet. Here p, is the sta-
tionary pressure in the system, and Ap and T are the amplitude and period of the pulsation
arising during pump operation. We shall study the problem in the approximation of an in-
compressible liquid, making the assumption that the velocity of the liquid is identical
in all sections of the pipe. Neglecting the propagation time of the disturbances along
the pipe in this manner will be justified if &T >> L (L and & are the length of the pipe
and the velocity of propagation of the wave). We shall write the equations of motion of
the liquid, the change in the volume of the gas cavity, and the adiabatic compression of
the gas in the form

pLdu/di = p; — p — Aplala2D, (1)
dVIdE = T+ 5V 2(0 = paip. VY = 5,77,

where {i, §, and P are the velocity, density, and pressure of the liquid at the end of the
pipe; f, and 8, are the cross-sectional area of the pipe and the effective area of the noz-

zle; bfg(b‘_.ﬁ;ﬁg is the velocity of the jet; P, is the atmospheric pressure; A is the

coefficient of friction at the wall; D is the diameter of the pipe; and, y is the adiabatic
index.

Novosibirsk. Translated from Zhurnal Prikladnoi Mekhaniki i Tekhnicheskoi Fiziki, No.
5, pp. 77-83, September-October, 1989. Original article submitted January 21, 1987; revi-
sion submitted May 26, 1988.

0021-8944/89/3005- 0743$12.50 @ 1990 Plenum Publishing Corporation 743



Fig. 1

We shall determine the condition under which the pressure losses due to friction against
the pipe wall can be neglected. Equating in order of magnitude the first two terms in the
second equation in (1), we obtain the estimate y ~ V,//,7 for the characteristic velocity.

In order to neglect the friction as compared with the inertial term in the equation of motion
it is necessary that aT/D < 1; from here we obtain the condition hi@iﬂ;<<1.‘ Since
the characteristic value i ~ 102, for ﬁdﬁzw~1.this condition holds for not very long

pipes (L/D ~ 10).

Neglecting friction in the first of the equations (1) and transforming to dimensionless

variables p = p/py, U ::Z/bfﬁgVJSEﬁ%,t:=?/V/EZVdE¢ﬁm we obtain, eliminating V from (1),

du/dt = 1 + q cos ot — p, dp/dt = p& 7 (u — 26V p — py). (2)

Here g = Ap/py; pa :Ea/];mS:anﬁ/%Vﬁ; and o =2 V‘BHEVO/'TT/EOWTO . We shall seek the

steady-state periodic solution of (2), corresponding to forced oscillations with fixed values
of q and w (amplitude and frequency of pressure pulsations at the inlet). Thus we arrive

at the formulation of the problem of nonlinear oscillations. The solution of the formulated
problem can be constructed in the general case, for example, by integrating the system (2)
numerically. We shall first study the particular case of small oscillations.

Approximate Solution in the Linear Case. In the absence of pressure pulsations at
the pipe inlet (g = 0) the stationary values are p = 1 and u = 2e}/1 — pa+ We linearize

(2), setting p=1-+p,u=28V1—ps ~u,p< 1 —pa. <1 —ps+. As a result we obtain
duldt = —p -+ q cos wt, dp/dt =
= u— 2p, k=¢2V1—p,.

Eliminating u we arrive at the well-known equation for oscillations of a damped linear
oscillator

p - 2kp + p = q cos wt. (3)
Here the coefficient k, which plays the role of friction, takes into account the energy

losses in the system owing to outflow of liquid through the nozzle. The solution (3), corre-
sponding to forced oscillations, is

p=Acos (0t —a), 4 = ¢V (0 — 1) + 4kPe?, tgo = 2ke/(1 — o?). (%)

The maximum value of the amplitude with ®, = V1 2% and the width of the resonance peak

are determined by the quantity k. As the effective area of the nozzle is decreased the
resonance peak becomes higher and narrower, remaining quite symmetric relative tow =V 1— 2k2.

Nonlinear Approximate Analytical Solution. We shall study resonance in the nonlinear
formulation, making the assumptions that ¢ < 1 —p. and € << 1. We introduce w=1— p-7;
then, eliminating u, the system (2) can be reduced to the equation

- 1 1 ew (1 — w)—('\7+2)/2
Wwe=—[1—1—w)y"? +—gecoset — ———t——
¥ v Vi—p, 1 —w)y
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For small values of w, expanding (1 — w)™v in a Taylor series around w = 0, we obtain with
accuracy to w®

w+ w - ayw? 4+ aw® - ew(l — w)~v 2/

TV = pa + vpalw — agu? + azu®) = (g/y) cos ot, (5)
oy = (y +1)/2, ay = {y + 1)y + 2)/6.

We renormalize (5), making the substitution zu::Lféiy. where &* ::S/V[1 —‘Pé . Retaining on

the left side only terms of order L/gg,s*, we obtain
Yy Ve + ety - y) = e cos of, f=glye* Y eF. (6)

We seek the approximate solution of (6) by the method of many scales [11], using the variables
Ty =t, 7, = Ve*i, T, = e*t and representing y(t) in the form

Yy = yo(Tm Ty, Ty) ‘f’l/gzyl(Tm Ty, Tp) + 3*.1/2(Tm T, Ty). (7)

Substituting (7) into (6) and equating the coefficients of like powers of €% on both sides of
the equation we obtain

Djyo Yy = 0; (8)
Diyy + yy = — 2D,D.y, — a.yfs (9)
DYy + Yy = — 2D, Dy — 205Yoy, — 2D,D Yy — (10)

— D3y — Doy, — 2ays -+ fcos 0T,
Here Dj; =0/6T;(j=0,1,2). We write the solution (8) in the form ¥ =A(Ty, Ty) "o + A(T,,
To)e o (A and A are complex conjugate quantities). From here we obtain for (9)
Diys -+ y1 = — (2004/0T, ¢""v + @, 426* )] (c.c.)—2a, 44,

where c.c. denotes the complex-conjugate term. Then the requirement that there be no secular
terms in the solution of this equation leads to the condition

9A/OT, = 0. (11)

The solution of the inhomogeneous equation (9) assumes the form

Y1 = (2, 4%/3) 0  (c.c.)— 20,AA,
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Using the expressions obtained for y, and y; and the condition (11) we write (10) as follows:

D3y, + Yy = (1 A2A — 20 0A/0T, — i)y e'To — p, 47> 7o 1.

i ‘ (12)
+ 16 T0/2 4 (cocl) =4+ D@y — 16, = (v+ 1)(2y + 3),6.

Introducing in the well-known manner the detuning parameter o¢ = (® — 1)¢*  and writing

e"To = ¢0e'T2, we eliminate the secular terms in the solution (12), assuming that the follow-

ing equation is wvalid:

W A2A — 2004107, — iA -+ j6'°T2/2 — @, (13)

Representing A in the exponential form 4 = ae'®/2 | yhere a and B are real quantities, and

separating real and imaginary parts in (13) we arrive at a system of two equations for a and
B. We transform this system into an autonomous system, introducing the variable ¢ = o7, — [:

0al0T, = —al2 4 (f/2) sin @,
adQ/dT, = ao + wya®/8 —+ (f/2) cos ¢.

From here we find the steady-state values of a and ¢, which satisfy the relations a = fsin g,

2a(6 + py0%8) == —f cos ¢, and the amplitude-frequency characteristic (AFC) of the system
a? + 4a*(o + p,a%8)? = f (14)

We note that the AFC obtained is close to that of the Duffing equation [11], but it differs
from the latter by the sign of the term  14¢*/8. The jump phenomenon, i.e., a jump in the
amplitude owing to the fact that a(w) is a three-valued function for some w > 1, is well
known for the AFC of Duffing's equation. This phenomenon also occurs for the oscillatory
system under study.

We shall study the condition under which a jump in the amplitude is possible for the
AFC (14). Solving the equation for w we find

© — 1 = —pa%e*/8 4 (1/2)e* V (Jla) — 1. (15)

The function a(w) will be multivalued, if dw/da = 0 for some a. The values of a satisfying
this condition can lie only on.the lower branch of (15) (the minus sign in front of the
square root). TFrom here do/da = e*2a3V (flaf — 1 — w,ae*/4 = 0. We shall find the values .
of €* and f for which this equation has a solution for a; for this we write the equation in
the form
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(16)

'll)(z) = !‘ng*/gﬁ

where z = (fe*/a)?; and y(z) = 2%/f2%** )z — e*2. The function ¥(z) has a minimum at zmi, = 4e*%/3,

Umin = 16}/ 3e*/9/2. Therefore Eq. (16) has two solutions if WYmn << ,e*/2. Expressing f in
terms of g and £* we obtain the relation

e*3/g% << 9 /(321 3y?).
Thus for a given value of q a jump in the amplitude can occur only if the area of the nozzle
is sufficiently small (small values of e€*). We note that for the AFC (14), unlike Duffing's
equation, the region where the function a(w) is not single-valued lies to the left of w = 1.

In the nonlinear approximation under study the resonance peak of the AFC (14) is asymmetric,
since on the whole it is inclined toward lower frequencies.

(17)

We shall write the solutions obtained y, and y, in the real form

Yo = (1/2) (e"ToF) 4 o T = g cos (wt — @),
y, = (2,0%/2)[(1/3)cos(2ot — 29) — 11.

From here we find the approximate solution (5), returning to the variable w and using two
terms of the expansion (7):

w = a}/e¥cos(ot — ¢) + (a2e¥ay/2)[(1/3) cos 2wt — 2¢) — 1]. (18)

For a << 1 the second term in (18) can be neglected. Then p = (I — w)™? &~ 1 4 ya}/e* cos (ot — ¢).

It is not difficult to show that near resonance w ~ 1 this solution transforms into the so-
lution (4) of the linearized equation (3). Indeed, if a? << o, then we obtain from (14)
a=fIY 1+ 4o® , whence the amplitude of the pressure vaVer =qge* V1T 4 (0 — D =~

g Vet + (0 — 1o + 1P = ¢ VIF + (0@ — 1) (om1, o+ 1= 2).

The nonlinear analytic solution found in the small amplitude approximation makes it
possible to study the qualitative properties of the process under study.

Numerical Solution in the General Case of Large Amplitudes. Discussion of Results.

To study steady forced oscillations in the general case the system (2) was integrated by a
rigidly stable numerical method [12] with fifth-order accuracy and the initial conditions

p(0) =1, w(0) =2V 1 —p, for fixed values of q and w until a periodic regime was established.
The calculations were performed for p = 10% kg/m® (water) and y = 1.4 (air). Figure 2 shows
curves of @} &* versus the frequency, calculated from (14) for ¢ = 10-2, e* — 1.34-10-2, satis-

fying (17). The circles show the results of integration of the system (2). One can see that
for small values of q the numerical solution is in good agreement with the approximate analy-
tical solution. For frequencies 0.974 < w < 0.982, a (w) is a three-valued function and the
lower branch is realized in the numerical calculation. The sections ab and bc of the curve
are unstable. As the frequency is varied a jump-like change in amplitude occurs at the point
w = 0,982 (appearance of a jump).

For q >> 107% the form of the steady oscillations p(t) is strongly nonsinusoidal owing
to the nonlinearity (2). Figure 3 shows the time dependence of the pressure during the per-

iod with p, = 0.1, 5/, = 0.035, Vy/7.L = 0.1, o = 0.958, for different values of q (q = 0.1 (),

0.3 (2), and 0.6 (3)). One can see that the pressure oscillations at the end of the pipe are
much greater than the pulsations at the inlet. As q is increased not only the maximum value

of ppax increases, but the steepness of the peak increases also. The maximum value and rate
of increase of the velocity of the jet ;dj==1/2(5-—-;ay5,which determine the effectiveness of

its hydroimpact action on the material being broken down [2], also increase. We shall char-
acterize the double amplitude of the pressure oscillations at the nozzle by the quantity

R = ppax/Pmin- The curves R(w), replacing in the case of large amplitude the AFC (14), are

747



presented in Fig. 4 for q = 0.1 and p, = 0.02 for different values of s¢/fo (S,/¥, = 0.035
(1), 0.05 (2), 0.075 (3), and 0.1 (4)). The form of the characteristics R(w) for large
values of q qualitatively agrees with the AFC (14) for small amplitudes. The curves R(w)
also slope toward lower frequencies, the left slope being steeper, and they have a maximum
for w < 1. As the area of the nozzle is decreased the resonance peaks become steeper and
higher, and the maximum of the curve shifts to the left. For small values of s /f0 a jump
is observed for some w < 1, i.e., R(w) becomes discontinuous, which also is in qual1tat1ve
agreement with the condition (17), obtained for q << 1. We note the significant maximum
values Ryyx ~ 10 for low degree of modulation of the pressure at the inlet q = 0.1. This
indicates that the resonance regime is highly effective for obtaining significant pressure
oscillations in front of the nozzle and therefore a high velocity of the outflowing jet.

The steady oscillatory regime of the fluid flow, as follows from (2), is determined
completely by the parameters q, w, py, and €*. For a pipe with concrete values of L, fg,
and s, with fixed values of p,, AP, and T the condition of a resonance maximum can be real-
ized by choosing the volume of the gas cavity V;, knowing the dimensionless frequency wyqg.
In the case of small amplitude wpeg must give a maximum of the AFC (14) and is determined by
the condition da/dw = 0. As one can see from (15) the equivalent condition dw/da ~> oo

holds for a = f. From here ©res== 1 — u;6°/8y%*2. On the other hand, by definition, ae* =
2%?02/?07 VmEB is known. We have for e* the quadratic equation e%* — Be* —¢ =
0 (eg* = 6%/8¥%) .  From here we find &% = B/2 + ]/SZ + B4, ®res= B/ (B/Z + V%ﬁﬂ), Vyfl =
(0 res /211)2Py T*oL* . In the general. case of iarge amplitudes it is necessary to construct

numerically the dependence R(w) for different values of €%, and then determine from them the
resonance frequencies and find the intersection of the graphs ©Vreg™ Opeg(e*) 8N4 © peg™= Blex.

Neglecting the compre531b111tv of the liquid, as done above, leads to the condition
for the volume of the gas Voﬁl:>>pmpf- As an example we shall study a pipe of length L =
2.74 m, filled with water at a_pressure p, = 5 MPa with a nozzle §,/f, = 0.035. Assume that
at the inlet AP = 0.5 MPa and T = 0.272 sec. For V&%ffzzi the dimensionless quantities

are ¢ =01, p, = 0.02, &* = 2.93-10"?, @ = 0.9064, which corresponds to a maximum of the curve
1 in Fig. 4. The time dependence of the velocity of the jet ¥(t) for this example is shown

in Fig. 5. The maximum hydroimpact pressure of the jet [2] p, = Sglvnmx_‘bmm)*““76/ MPa

is high enough to breakdown many materials.

Thus the process of forced nonlinear oscillations of a liquid in a pipe with a gas
cavity which appear when the pressure at the pipe inlet is modulated was studied. An approx-
imate analytical solution was obtained in the small-amplitude approximation. It was shown
that the resonance regime can be employed to obtain in the output section of the pipe a pul-
sating high-velocity jet.

LITERATURE CITED

1. B. V. Voitsekhovskii, V. P. Nikolaev, et al., "Some results of fracturing of rocks with
an impulsive water hammer," Izv. Sib. Otd. Akad. Nauk SSSR, Ser. Tekhn. Nauk., 1, No. 2
(1963).

2. D. Kontraktor, "Application of transient regimes of a liquid in hydraulic mining of use-
ful minerals," Tr. Am. Ova Inzh.-Mekh. Teor. Osnovy Inzh. Rashchet. No. 2 (1972).

3. §. P. Aktershev, A. V. Fedorov, and V. M. Fomin, "Mathematical modeling of tests for
airtightness of main pipelines taking into account trapped volumes of air' in: Dynamics
of Multiphase Media [in Russian], V. M. Fomin (ed.), Institute of Theoretical and
Applied Mechanics, Siberian Branch, Academy of Sciences of the USSR, Novosibirsk (1985).

4, T. Zhao, K. Sanada, A. Kitagawa, and T. Takenaka, "On the effect of trapped air in a
liquid conduit on the transient flow rate,” Bull. JSME, 28, No. 242 (1985).

5. C. Martin, "Entrapped air in pipelines,' Proceedings of the 2nd International Conference
on Pressure Surges, London (1976), Cranfield (1977).

6. V. V. Berdnikov, T. S. Kozyreva, and B. A. Pantyukhin, "Study of the filling of main
pipelines with liquid," Izv. Vyssh. Uchebn. Zaved., Aviats. Tekh., No. 3 (1982).

7. S. P. Aktershev and A. V. Fedorov, 'Increase in the hydroimpact pressure in a pipeline
in the presence of a localized volume of gas," Zh. Prikl. Mekh. Tekh. Fiz., No. 6
(1987).

748



10.

11.
12.

I. A. Charnyi, Nonstationary Motion of a Real Liquid in Pipes [in Russian], Nedra,
Moscow (1675}). _

A. A. Atavin and G. P. Skrebkov, "Simplified method for calculating the pressure in a
hydrosystem with a compensator," Vestn. Mashinostr., No. 8 (1962).

A. Kitagawa, T. Takenaka, and Y. Kato, "Study on the high pressure generation by means
of 0il hammer," Bull. JSME, 27, No. 234 (1984).

A. Knife, Introduction to Perturbation methods [Russian translation], Mir, Moscow (1984).

C. W. Gear, "The automatic integration of ordinary differential equations," Commun. ACM,
14, No. 3 (1971).

749



